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The steady problem of free surface flow due to a submerged line source is revisited for the case in which
the fluid depth is finite and there is a stagnation point on the free surface directly above the source. Both
the strength of the source and the fluid speed in the far field are measured by a dimensionless parameter,
the Froude number. By applying techniques in exponential asymptotics, it is shown that there is a train
of periodic waves on the surface of the fluid with an amplitude which is exponentially small in the limit
that the Froude number vanishes. This study clarifies that periodic waves do form for flows due to a
source, contrary to a suggestion by Chapman & Vanden-Broeck (2006, J. Fluid Mech., 567, 299–326).
The exponentially small nature of the waves means they appear beyond all orders of the original power
series expansion; this result explains why attempts at describing these flows using a finite number of
terms in an algebraic power series incorrectly predict a flat free surface in the far field.
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1. Introduction
This paper is concerned with the question of whether a train of periodic waves forms on the surface of
a fluid when a flow is generated by a submerged line source. We consider a finite-depth problem for
which the mean fluid velocity and channel height in the far field approach the constant values U and H,
respectively. Our primary interest is to treat the singular limit F → 0, where
F =
U√
gH
(1.1)
is the Froude number, with g denoting the acceleration due to gravity. Our goal is to clarify that waves
do form on the surface, and that their amplitude is exponentially small in the limit F → 0. We aim to
determine their precise scaling, and reconcile some seemingly contradictory assertions regarding this
problem in the literature.
The problem of steady free surface flow due to a line source has an interesting background. For the
geometry considered here, in which there is a stagnation point directly above the source, a number of
authors apply formal series expansions in the limit that the Froude number F vanishes (see Mekias &
c© The Author 2013. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications. All rights reserved.
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Vanden-Broeck (1991) and Hocking & Forbes (1992) for the finite-depth problem, Vanden-Broeck et al.
(1978), Peregrine (1972), Hocking & Forbes (1991) and Forbes & Hocking (1993) for the corresponding
infinite-depth problem, and Forbes & Hocking (1990) for a point source). In each case the resulting
asymptotic solutions are waveless, with the free surface displaying monotonic behaviour in the far field.
Similar waveless solutions for small Froude numbers are computed numerically in Hocking & Forbes
(1992) in the finite-depth case and by others in the infinite-depth case.
On the other hand, there is a great deal of computational evidence that steady flows due to a line
source do exhibit waves. In particular, the finite-depth problem is solved numerically in Mekias &
Vanden-Broeck (1991), Vanden-Broeck (1996) and Hocking & Forbes (2000), with results showing a
train of periodic waves appears on the free surface downstream from the source with amplitude in-
creasing with Froude number. Mekias & Vanden-Broeck (1991) explore this dependence by plotting
numerical values of ln(A) versus −1/F2, where A is the (dimensionless) wave amplitude. They conjec-
ture that
A∼ const exp
{
− 1
F2
(
1− ys
pi
)}
as F → 0, (1.2)
where ys is the dimensionless height of the source above the horizontal bottom (see equations (23)-(24)
in their paper).
By adapting the framework of Chapman & Vanden-Broeck (2006) to hold for flows due to a line
source, we apply techniques in exponential asymptotics to show that, for the finite-depth problem, there
are periodic waves on the free surface for small values of the Froude number. In particular, we show
that the far-field amplitude of these waves behaves as
A∼ const 1
F2
exp
{
− 1
F2
(
1− ys
pi
+
1
2pi
sin2ys
)}
as F → 0. (1.3)
By including the first two terms of the formal power series expansion, we construct free surface profiles
that demonstrate the same qualitative features of numerical results published previously. Our results
suggest that for the numerical solutions presented in Hocking & Forbes (1992), for example, the size
of the Froude number is such that the downstream waves are too small to observe in practice. Further,
the existence of waves on the free surface, regardless of how small they are, implies that the solutions
cannot be interpreted as flows due to a line sink. Finally, the analysis provides an explanation as to why
solutions with waves do not arise from the application of a formal power series in F2: the exponentially
small waves appear beyond all orders of the original series expansion and, as such, cannot be captured
by terms that are power of F2.
The mathematical analysis in this paper is based on the work of Chapman & Vanden-Broeck (2006),
who provide a framework for determining the form of exponentially small gravity waves for steady
two-dimensional free surface flow problems in the limit that the Froude number F vanishes. The idea
is to formulate the problem in terms of a formal power series in F2 and note the series is divergent
everywhere (Vanden-Broeck et al., 1978), with the divergence driven by singularities in the analytic
continuation of the leading order term in the expansion. Anticipating factorial/power divergence, a
WKB approach developed by Chapman et al. (1998) and Chapman & Vanden-Broeck (2002) is applied
to extract the form of the late-order terms. Following Dingle (1973), the Stokes lines that emerge from
the singularities are determined by equating the phases of each late order term with that of the subsequent
term. Importantly, the periodic waves appear downstream from the point at which the Stokes lines
intersect the free surface. The precise form of the exponentially small waves is determined via Stokes
lines smoothing (Berry, 1989; Olde Daalhuis et al., 1995).
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A key result in Chapman & Vanden-Broeck (2006) is that Stokes lines emerge from singularities
that correspond to corners on solid boundaries of the flow field with in-fluid angles of greater than
2pi/3. The example of free surface flow over a step is treated in some detail, for which the Stokes lines
emerge from the top corner (with in-fluid angle of 3pi/2) but not the stagnation point (with in-fluid
angle of pi/2). In other words, it is the top corner that gives rise to periodic waves on the free surface.
The results complement the earlier study by King & Bloor (1987), who compute numerical solutions
to the fully nonlinear problem of free surface flow over a step and also apply transform methods to
the corresponding linear problem (which applies in the limit of vanishingly small step height). The
exponential asymptotics developed in Chapman & Vanden-Broeck (2006) are revisited in Lustri et al.
(2012) for flows over steps and other bottom topographies with various corner angles, and extended in
Trinh et al. (2012) for flows past semi-infinite sterns, also with various corner angles.
Interestingly, the problem of free surface flow due to a line source was overlooked by Chapman &
Vanden-Broeck (2006). Indeed, these authors remark that sources do not give rise to Stokes lines, a
statement we aim to correct here. In order to follow Chapman & Vanden-Broeck (2006) as closely as
possible, we restrict ourselves to the finite-depth problem, for which the mean velocity in the far field is
finite. The infinite-depth problem does not have this property, as the velocity vanishes in the far field,
and so the wave amplitude would decay in space; for this reason the infinite-depth problem does not fall
into the class of problems dealt with in Chapman & Vanden-Broeck (2006).
Our problem is described mathematically in Section 2. and then reformulated with the use of confor-
mal mappings and a boundary integral method. The problem reduces to determining the fluid velocity
on the free surface and the angle of the free surface to the horizontal as functions of a conformally
mapped variable. The two governing equations are Bernoulli’s equation and an integral equation that
comes from applying Cauchy’s integral formula to the complex velocity; in order to proceed, these
equations are analytically continued into the lower-half complex plane. Section 3. summarises the gen-
eral framework described in Chapman & Vanden-Broeck (2006). This approach involves applying an
asymptotic expansion in the limit of small Froude number, determining the form of the late-order terms,
truncating the diverging series after an optimal number of terms, and then observing the remainder be-
ing ‘switched on’ across Stokes lines in the complex plane. In Section 4. we provide the details for the
specific problem of flow due to a line source. We show there is a singularity in the leading order term
of the asymptotic expansion, and that this singularity does give rise to Stokes lines. The oversight by
Chapman & Vanden-Broeck (2006) arose because they neglected to consider the possibility that Stokes
lines may form from infinity in the potential plane. By matching into the singularity (in the conformally
mapped plane), we determine the precise form for the late order terms in the series. The results are
presented graphically in Section 5., while in Section 6. we discuss importance of our work, and outline
directions for further research.
2. Governing equations
We consider steady, two-dimensional, irrotational flow generated by a line source submerged in an
inviscid, incompressible fluid, as shown in Figure 1. It is assumed that there is a stagnation point on the
free surface directly above the source. In dimensional variables, the strength of the source is m, so that
the flux of fluid in the far field is m=UH, where U and H are defined above. Thus the Froude number
in (1.1) is also defined by
F =
m√
gH3
.
4 of 18 C. J. LUSTRI ET AL.
E
D
y
x
A
B
C
pi
1
FIG. 1: The dimensionless problem in the physical plane. The flow is symmetric about the y-axis, and
so the left-hand side may be omitted. The shaded region denotes the flow region, with the solid circle
representing the source.
Motivated by the dimensionless variables used in Chapman & Vanden-Broeck (2002), we immediately
scale all lengths with respect to H/pi and velocities with respect toU . Thus the problem depends on two
dimensionless parameters, the Froude number F and the dimensionless height of the source above the
bottom ys. Again, in order to follow the framework in Chapman & Vanden-Broeck (2006) as closely as
possible, we introduce
ε = piF2, (2.4)
which will act as our small parameter. Note that given the flow is symmetric about the y-axis, we treat
only the fluid region for x> 0.
As the flow is irrotational, the fluid velocity (u,v) is related to the velocity potential φ(x,y) by
(u,v) = ∇φ . Enforcing incompressibility of the fluid thus requires that the potential satisfies Laplace’s
equation
∇2φ = 0
in the flow domain, except at the submerged source where it has the usual logarithmic singularity. On
the free surface we have a dynamic boundary condition given by Bernoulli’s equation
1
2ε(|∇φ |2−1)+ y= pi. (2.5)
On the boundaries of the flow region we prescribe a kinematic boundary condition such that
∂φ
∂n
= 0, (2.6)
where n is the normal to the boundary.
The following reformulation of the problem follows Hocking & Forbes (1992) and Vanden-Broeck
(1996). We define z = x+ iy and the complex potential f (z) = φ + iψ , where ψ is the streamfunction.
For definiteness we set f = 0 at the stagnation point D (see Figure 1), so that ψ = 0 on the free surface
and ψ =−pi on the horizontal bottom. The complex velocity is defined as
d f
dz
= u− iv= qe−iθ ,
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FIG. 2: Flow region mapped into: (a) the complex potential plane; and (b) the ζ -plane.
where q is the magnitude of the velocity vector, while θ is the angle a streamline makes with the
horizontal; at this stage both q and θ are real. The flow region in the f -plane is given by an infinite
strip in the region −pi 6 ψ 6 0. The second mapping ζ = ξ + iη = e f transforms the flow region to the
lower-half ζ -plane, with the source mapping to ζ = 0, the bottom corner mapping to ζ = −b and the
free surface located on η = 0, ξ > 1. These mappings are shown in Figure 2.
Since qe−iθ is an analytic function of ζ , Cauchy’s integral formula may be applied in the ζ -plane
to give
lnq=
1
pi
−
∫ ∞
−∞
θ(s)
s−ξ ds,
where the dash through the integral sign indicates it is to be treated as a Cauchy Principal Value integral.
For the problem shown in Figure 1, we have θ = 0 for ξ <−b, θ =−pi/2 for−b< ξ < 0 and θ = pi/2
for 0 < ξ < 1. Thus we have the integral equation
lnq=
1
2
ln
(
(ξ +b)(ξ −1)
ξ 2
)
+
1
pi
−
∫ ∞
1
θ(s)
s−ξ ds, ξ > 1. (2.7)
The kinematic boundary condition (2.6) is identically satisfied by setting ψ = constant on the solid
boundaries. To write Bernoulli’s equation (2.5) in terms of our conformally mapped variable ζ , we
apply the chain rule to give
dz
dζ
=
dz
d f
d f
dζ
=
1
ζq
eiθ .
Thus, on the free boundary η = 0, ξ > 1, we find
dx
dξ
=
1
ξq
cosθ ,
dy
dξ
=
1
ξq
sinθ . (2.8)
Taking the derivative of (2.5) with respect to ζ and applying (2.8)2 gives the dynamic condition
εξq2
dq
dξ
=−sinθ , ξ > 1. (2.9)
To complete the formulation of the problem, we integrate (2.8)2 from the points B to C to give the
height of the source above the bottom as
ys =−
∫ 0
−b
1
ξq
dξ . (2.10)
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Thus we can now think of the two parameters in the problem as being the Froude number F and the
conformally-mapped parameter b > 0; once the solution is determined, the height of the source above
the bottom is then determined via (2.10). Note that ys→ 0 as b→ 0+; in this limit the point B merges
with C, and some parts of the analysis need to be treated separately.
At this stage the governing equations (2.7) and (2.9) hold only on η = 0, ξ > 1; however, our
analysis requires that we analytically continue (2.7) and (2.9) into the lower-half ξ -plane. Following
Chapman & Vanden-Broeck (2006), we shall use the notation ζ = ξ + iη to denote the complexified
variable ξ , so that
logq+ iθ =
1
2
log
(
(ζ +b)(ζ −1)
ζ 2
)
+
1
pi
∫ ∞
1
θ(s)
s−ζ ds, η > 0, −∞< ξ < ∞, (2.11)
εζq2
dq
dζ
=−sinθ , η > 0, −∞< ξ < ∞. (2.12)
Together, (2.11) and (2.12) provide governing equations for the analytically-continued free surface in
the lower-half ζ -plane. We emphasise that we are now using ζ to be the independent variable for the
complex functions q(ζ ) and θ(ζ ), and not the conformally-mapped plane. Further, the variables ξ and
η are now not the same as the real and imaginary parts of the conformally-mapped plane discussed
previously. Of course, (2.11) and (2.12) reduce to (2.7) and (2.9) for η = 0, ξ > 1, but otherwise, the
solution of (2.11) and (2.12) in the ζ -plane does not provide the solutions for q and θ in the flow field.
3. General exponential asymptotics
We solve (2.11) and (2.12) in the limit ε→ 0. To achieve this goal, we shall summarise in this section the
steps that are shared with the more general framework outlined in Chapman & Vanden-Broeck (2006).
Then in subsequent sections we shall provide details for the specific problem of flow due to a line source.
3.1. Asymptotic power series
We write q(ζ ) and θ(ζ ) as the asymptotic expansions
q∼
∞
∑
n=0
εnqn, θ ∼
∞
∑
n=0
εnθn, as ε → 0. (3.13)
The leading order solution for θ is θ0 ≡ 0, while for our problem of flow due to a line source we have
q0 =
(ζ +b)1/2(ζ −1)1/2
ζ
. (3.14)
More generally, the solution for q0 depends on the geometry of the particular problem in question. The
next few terms are calculated via
θ1 =−ζq20
dq0
dζ
, (3.15)
q1 =iζq30
dq0
dζ
+
q0
pi
∫ ∞
1
θ1(s)
s−ζ ds, (3.16)
θ2 =−ζq0
(
2q1
dq0
dζ
+q0
dq1
dζ
)
, (3.17)
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while subsequent terms in the series are found using the recurrence relationship
qn
q0
− qn−1q1
q20
+ . . .=−iθn+ 1pi
∫ ∞
1
θn(s)ds
s−ζ , (3.18)
ζq20
dqn−1
dζ
+2ζq0q1
dqn−2
dζ
+2ζq0qn−1
dq0
dζ
+ . . .=−θn+ . . . (n> 3), (3.19)
where it turns out the ignored terms are subdominant in the limit n→ ∞ and will not be required in the
subsequent analysis.
3.2. Late-order terms
We require the behaviour of qn and θn in the limit n→ ∞. Following Chapman & Vanden-Broeck
(2006), we apply the ansatz
qn ∼ QΓ (n+ γ)χn+γ , θn ∼
ΘΓ (n+ γ)
χn+γ
. (3.20)
To leading order as n→ ∞ we find
χ = i
∫ ζ
ζ0
dζ
ζq30
, (3.21)
where ζ0 is the important singularity of q0 (which turns out to be ζ0 = 0 for the problem treated in this
paper), while the next order balance gives
Q=
Λ
q20
exp
(
3i
∫ ζ
ζ ∗
q1 dζ
ζq40
)
=
Λq30(ζ
∗)
q50
exp
(
3i
pi
∫ ζ
ζ ∗
1
ζq30
∫ ∞
1
θ1(s)ds
s−ζ dζ
)
, (3.22)
Θ =
iΛ
q30
exp
(
3i
∫ ζ
ζ ∗
q1 dζ
ζq40
)
=
iΛq30(ζ
∗)
q60
exp
(
3i
pi
∫ ζ
ζ ∗
1
ζq30
∫ ∞
1
θ1(s)ds
s−ζ dζ
)
, (3.23)
where Λ is a constant that is determined by matching with the inner solution in the neighbourhood of
the relevant singularity ζ = ζ0, and the end-point ζ ∗ is arbitrary, provided that the resultant integrals
converge (changing ζ ∗ changes the value of Λ ).
3.3. Stokes line smoothing
Truncating (3.13) after N terms gives
θ =
N−1
∑
n=0
εnqn+RN , q=
N−1
∑
n=0
εnθn+SN ,
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where the remainders RN and SN satisfy differential equations provided in Chapman & Vanden-Broeck
(2006). The homogeneous versions of these equations have solutions Qe−χ/ε andΘe−χ/ε , which moti-
vates the ansatz
RN = EQe−χ/ε , SN = EΘe−χ/ε ,
where the unknown function E(ζ ;ε) is the Stokes multiplier. Plugging these forms into the equations
for RN and SN provides the optimal truncation point N ∼ |χ|/ε as ε → 0. Using this information and
writing χ = ρeiϑ (where ϑ is not to be confused with the dependent variable θ ), we eventually find that
E =
√
2pii
εγ
∫ √ρϑ/ε
∞
e−t
2/2 dt,
where the lower bound of the integral is chosen by matching the integral to the known upstream be-
haviour, where ϑ > 0 and no waves are present. As the Stokes line is crossed, E varies smoothly and
rapidly from 0 to −2pii/εγ , and therefore contributions are switched on of the form
−2pii
εγ
Qe−χ/ε , −2pii
εγ
Θe−χ/ε , (3.24)
for RN and SN , respectively, as ε → 0. As these contributions take the form of complex exponentials,
they will cause wave behaviour on the free-surface.
In the above analysis, the governing equations (2.11)-(2.12) were derived by analytically continuing
the free surface into the lower-half complex plane. By instead extending into the upper-half plane, we
find a further contribution which is the complex conjugate of (3.24). Adding these together provides the
leading-order behaviour of the exponentially-small remainder on the free-surface, denoted θexp, given
as
θexp =−4pi|Λ |εγq30
e−Re(χ)/ε cos
(
argΘ − Im(χ)
ε
)
. (3.25)
4. Details for flow due to a line source
The framework summarised in the previous section was essentially taken from Chapman & Vanden-
Broeck (2006). We now provide the details for the specific problem of flow due to a line source.
4.1. Early terms
Given that θ0 ≡ 0, putting (3.13) into (2.11) reveals the important leading order solution (3.14), while
(3.15) provides the first correction term
θ1 =− ((1−b)ζ +2b)(ζ +b)
1/2(ζ −1)1/2
2ζ 3
. (4.26)
These terms are also calculated by Hocking & Forbes (1992). By substituting the result∫ ∞
1
θ1(s)
s−ζ ds=
1
4
((1−6b+b2)ζ 2 +8bζ (1−b)+8b2)arctan(b
1/2)
b1/2ζ 3
+
3(1−b)
4ζ
+
b
ζ 2
− ((1−b)ζ +2b)(ζ −1)
1/2(ζ +b)1/2
2ζ 3
log
(
1−b−2ζ −2(ζ −1)1/2(ζ +b)1/2
1+b
)
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into (3.16)-(3.17) we can also determine the exact forms for the correction terms q1 and θ2, but for
brevity we do not include the full expressions.
Applying the expression for q0 from (3.14) to (2.10) gives
ys ∼ arctan
(
2b1/2
1−b
)
as ε → 0, (4.27)
which provides a leading order relationship between the parameter b and the height of the source above
the bottom ys.
4.2. Location of the Stokes lines
The leading order term (3.14) has a singularity at ζ = 0 and, since the higher-order problems are linear,
each of the qn is also singular there. A Stokes line is born at ζ = 0 and follows the path on which
successive late-order terms θn and qn have the same phase, which for our problem is when χ is real and
positive (see Dingle (1973)). Evaluating (3.21) with (3.14) gives the explicit expression
χ =i
∫ ζ
0
ζ 2
(ζ +b)3/2(ζ −1)3/2 dζ (4.28)
=
2i
[
(1+b2)ζ +b(1−b)]
(1+b)2(ζ +b)1/2(ζ −1)1/2 −
2b1/2(1−b)
(1+b)2
− i log
(
1−b−2ζ −2(ζ +b)1/2(ζ −1)1/2
1−b−2ib1/2
)
. (4.29)
The real part of χ is constant on the free surface, and takes the form
Re(χ) = pi− arctan
(
2b1/2
1−b
)
+
2b1/2(1−b)
(1+b)2
, ξ > 1. (4.30)
Significantly, Re(χ) > 0 for ξ > 1, ensuring that Stokes switching may occur on the free surface (see
Dingle (1973)). It shall be useful to combine (4.27) and (4.30) to give
Re(χ)∼ pi− ys+ 12 sin2ys as ε → 0, ξ > 1.
A contour plot of the imaginary part of χ for b = 1 is provided in Figure 3 with the Stokes lines
(Im(χ) = 0) shown in bold. Since from (4.28) we have
χ ∼− ζ
3
3b3/2
as ζ → 0, (4.31)
the Stokes lines emerge from the singularity at ζ into the lower half-plane at angles −pi/3 and −2pi/3.
The latter of these is cut off by the scale of the figure, and does not go on to intersect the free surface
η = 0, ξ > 1. On the other hand, the former clearly does cross the real axis. For this particular value
of b, the intersection point is ξSL ≈ 1.812. More generally, the intersection point ξSL is a decreasing
function of b, with ξSL→ 3.2767 as b→ 0+, as shown in Figure 4(a).
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FIG. 3: Contour plot for Im(χ) for b= 1 in the complex ζ -plane, with lighter shading indicating a more
positive value. The Stokes line, given by Im(χ) = 0, is shown in bold. The point at which it intersects
the free surface (the real axis for ξ > 1) is the point at which an exponentially-small contribution is
switched on.
b
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(a) ξSL as a function of b.
ys
0
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(b) xSL as a function of ys.
FIG. 4: Values of (a) ξSL and (b) xSL at which the Stokes line intersects the physical free surface as b,
and consequently ys, is varied.
By mapping this back onto the physical plane via (2.8) we can determine the point on the free
surface that is crossed by the Stokes line, denoted by (xSL,ySL). The dependence on xSL on the height of
the source above the bottom is provided in Figure 4(b), where we see that the waves switch on further
downstream as ys decreases.
4.3. Calculating γ and Λ by matching with the inner problem
To determine the value of γ in (3.25) we note that (3.14) gives
q0 ∼ ib
1/2
ζ
as ζ → 0. (4.32)
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By examining our governing equations we find that, as ζ → 0,
q1 ∼− ib
2
ζ 4
, q2 ∼ 6ib
7/2
ζ 7/2
, q3 ∼−66ib
5
ζ 10
,
and so on, so that, with the use of (4.31), we find
qn ∼ i(−1)
nµnb(3n+1)/2
ζ 3n+1
as ζ → 0,
where µn are constants that depend on n. On the other hand, the inner limit of (3.20) is
qn ∼− iΛC(−3)
n+γb(3n+3γ−5)/2Γ (n+ γ)
ζ 3n+3γ−5
(4.33)
as n→ ∞ and ζ → 0, where
C = q30(ζ
∗)exp
(
3i
pi
∫ 0
ζ ∗
1
ζq30
∫ ∞
1
θ1(s)ds
s−ζ dζ
)
. (4.34)
Thus matching the powers of ζ , it must be that γ = 2.
The inner limit of the late order terms is therefore (4.33) with γ = 2. For the matching below we
require the leading order behaviour of the nth term of q2, which is
2q0qn ∼ 18(−1)
nΛCb(3b3/2)nΓ (n+2)
ζ 3n+2
(4.35)
as n→ ∞ and ζ → 0.
There is an inner problem for ζ =O(ε1/3). By observing the scalings in (4.31) and (4.32) we define
the inner variables
q=
ib1/2
ζ
q¯(σ), σ =
ζ 3
3εb3/2
, (4.36)
As argued in Chapman & Vanden-Broeck (2006) and Trinh et al. (2012), equation (2.11) implies that
logq+ iθ ∼ logq0 in the inner region, so that using the scalings (4.36), the second governing equation
(2.12) becomes
dp
dσ
− 2p
3σ
= 1− 1
p
, (4.37)
where p= q2. The outer limit of (4.37) is obtained via a series expression for p in the limit that |σ |→∞:
p=
∞
∑
n=0
pn
(−σ)n , p0 = 1.
Applying this expression for p to (4.37) and matching terms as |σ | → ∞ gives
pn+1 =
n
∑
j=0
(
j+
2
3
)
p jpn− j. (4.38)
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With the values for pn determined, we can write out the inner solution for q2 in terms of the outer
variables as
q2 =
∞
∑
n=0
(−1)n+1b(3b3/2)npnεn
ζ 3n+2
.
Thus the outer limit of the inner solution is matched with inner limit (4.35) of the outer solution to give
Λ =− 1
18C
lim
n→∞
pn
Γ (n+2)
. (4.39)
With the use of the recurrence relation (4.38), we find can approximate the limit in (4.39) to be 0.38,
thus
Λ ≈−0.38
18C
. (4.40)
4.4. Computing the wave amplitude
Putting it together, we have γ = 2, |Λ | given by (4.39), and q0 ∼ 1, Im(χ) ∼ − lnξ as ξ → ∞. Since,
φ ∼ lnξ as ξ → ∞ and φ ∼ x as x→ ∞, the far field wavetrain (3.25) becomes
θexp ∼−4pi|Λ |ε−2e−Re(χ)/ε cos
( x
ε
+ constant
)
as x→ ∞,
where Re(χ) is given in (4.30). Further, we can make the approximation dy/dx ∼ θ , so that written in
terms of our Cartesian coordinates and the Froude number F , the wave train is
yexp ∼−4|Λ |F−2e−Re(χ)/piF2 sin
( x
piF2
+ constant
)
as x→ ∞.
It follows that the actual wave amplitude is of order F−2e−β/F2 , where the constant
β = 1− ys
pi
+
1
2pi
sin2ys.
This is the main result of the paper. Further, the wavelength is 2pi2F2 (or 2piU2/g in dimensional
quantities), which agrees with linear water wave theory in the limit F → 0 (or, equivalently, in the
infinite depth limit).
4.5. The b= 0 case
In the limit b→ 0+, the height of the source ys→ 0, and the corner point B merges with the source at
C. As a result, the scalings change for b= 0.
The Stokes line calculations proceed as normal, with χ given by (4.29) with b = 0, except now we
have
χ ∼−2
3
ζ 3/2 as ζ → 0. (4.41)
A contour plot of Im(χ) with b = 0 is shown in Figure 5, with the Stokes line Im(χ) = 0 indicated by
the bold curve. From (4.41) we see that one Stokes lines emerges from ζ = 0 into the lower half-plane,
at angle −2pi/3 (rather than the two curves seen in Figure 3 for b > 0, emerging at angles −pi/3 and
−2pi/3).
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Some of the working from Section 4.3. changes. To determine γ we note that now q0 ∼ i/ζ 1/2,
q1 ∼−i/2ζ 2, q2 ∼ 3i/2ζ 7/2, . . . , as ζ → 0, which leads to
qn ∼ i(−1)
nµn
ζ (3n+1)/2
as ζ → 0,
where µn are constants that depend on n. The inner limit of (3.20) for b= 0 is
qn ∼− iΛC(−3/2)
n+γΓ (n+ γ)
ζ (3n+3γ−5)/2
as n→ ∞ and ζ → 0, where C is again given by (4.34). As a result, matching powers of ζ implies that
once again γ = 2. To match with the inner region we note that the leading order behaviour of the nth
term of q2 is
2q0qn ∼ 9(−1)
nΛC(3/2)nΓ (n+2)
2ζ 3n/2+1
as n→ ∞ and ζ → 0.
The inner problem this time is for ζ =O(ε2/3). The relevant the inner variables are
q=
i
ζ 1/2
q¯(σ), σ =
2ζ 3/2
3ε
,
which again gives the differential equation (4.37) for p = q2. A near-identical analysis gives the inner
solution for q2 in terms of the outer variables as
q2 =
∞
∑
n=0
(−1)n+1(3/2)npnεn
ζ 3n/2+1
.
Thus, matching gives
Λ =− 2
9C
lim
n→∞
pn
Γ (n+2)
,
where the pn and C are identical to those given in (4.39). We note that this is different to the result
obtained for the general case. The transition between the two is smooth, and takes place when b =
O(ε2/3).
5. Presentation of results
In Figure 6 we present free surface profiles computed by using our results for θ1, θ2, θexp, q0, q1 and
qexp to integrate (2.8). The integral expression for C given in (4.34) was evaluated numerically by
interpreting the expression as an integral over a box in the lower half-plane using MATLAB’s “quad”
function, which applies an adaptive Simpson quadrature.
Note that due to symmetry we only show the right half of the flow field. In Figure 6(a), the profile
is for b = 3 and ε = 0.1, which from (4.27) gives the height of the source ys ≈ 2pi/3 ≈ 2.09. This
example is representative of solutions for b > 1, which are for ys > pi/2 (that is, the source is located
more than halfway up the channel). As explained in Hocking & Forbes (1992), the waveless part of the
free surface profiles for b > 1 dips below the free stream level, reaches a minimum value, and rises up
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FIG. 5: Contour plot for Im(χ) when b= 0 in the complex ζ -plane. The Stokes line, given by Im(χ)= 0,
is shown in bold. The point at which it intersects the free surface (the real axis for ξ > 1) is the point at
which an exponentially-small contribution is switched on.
before approaching the free stream level in the far field. On the other hand, the profile in Figure 6(b) is
drawn for b = 0.85, which gives the height as ys ≈ 1.49. This profile is representative of solutions for
b< 1 or ys < pi/2 (that, the case in which the source is located less than halfway up the channel). Here
the waveless part of the profile remains above the free stream level with εθ1 + ε2θ2 < 0 for all x> 0.
In both profiles in Figure 6, the point at which the Stokes line intersects the free surface is marked
with a circle. The downstream wavetrain is clearly visible to the right of this marker. In order to compare
with the results in Mekias & Vanden-Broeck (1991), the dependence of the amplitude A of this wavetrain
on the Froude number is shown in Figure 7 for two different values of b (and hence ys). These values
of ys correspond to those considered in Mekias & Vanden-Broeck (1991), with the circles denoting the
computed wave amplitudes from their study. The agreement between the asymptotic behaviour and the
numerical solutions is reasonable for the values of F considered in this figure, becoming more accurate
in the limit that F → 0.
6. Discussion
Using techniques in exponential asymptotics, we have provided a reasonably thorough description of
the problem of free surface flow due a line source in a fluid of finite depth in the limit of small Froude
number. The main result, given in (1.3), is that the amplitude of the waves scales like F−2e−β/F2 in the
limit F → 0, where β is a constant related to the height of the source above the bottom. We emphasise
that it is not possible to extract this kind of information from applying a formal power series on its own,
as the waves appear beyond all orders of an algebraic expansion.
As mentioned in the Introduction, Mekias & Vanden-Broeck (1991) conjecture that the wave am-
plitude in the far field is related to the Froude number via (1.2), which turns out to be wrong for two
reasons. The first is that it is out by a factor of F2. The simple explanation for this discrepancy is that
Mekias and Vanden-Broeck plot numerical values of lnA versus −1/F2, noting the linear dependence
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FIG. 6: Free surface profile for a source with (a) b = 3 and ε = 0.1 and (b) b = 0.85 and ε = 0.3,
computed using εθ1 + ε2θ2 + θexp. The point at which the Stokes line intersects the free surface is
indicated by a circle, with the wavetrain switched on to the right of this point.
in the small Froude number limit. From (1.3) we have
lnA∼− β
F2
−2lnF as F → 0
which, of course, agrees with the scalings observed by Mekias and Vanden-Broeck to leading order. The
second reason is that Mekias and Vanden-Broeck conjecture that the constant β is given by 1− ys/pi ,
when our calculations suggest the correct value is 1− ys/pi + sin(2ys)/2pi . These results agree for the
special cases of ys = 0 (source on the horizontal bottom) and ys = pi/2 (source half way up the channel).
We emphasise that our work acts to fill in the gap left by Chapman & Vanden-Broeck (2006), who
overlooked the possibility of line sources giving rise to Stokes lines. The mistake arose because although
q0 ∼ conste− f appears not to be singular, it is at f = −∞. In our study we deal with this neglected
singularity by mapping it to ζ = 0, where its presence is much more obvious.
As is well known, the governing equations for steady ideal fluid flow due to a line source are equiv-
alent to those for flow due to a line sink (simply replace φ with −φ ), as the velocity appears only as
its square in Bernoulli’s equation. However, the latter flow has the further restriction placed by the ra-
diation condition, which does not allow gravity-driven water waves in the far field. As a consequence,
since our solutions all have waves on the free surface (although, admittedly the waves are exponentially
small in the limit F→ 0), these are strictly applicable for source flow only. Another way of interpreting
our results is that if the flow in Figure 1 is right to left (that is, due to a line sink instead of line source),
then the term (3.25) would appear to the left of the point at which the Stokes line meets the free surface.
As q0→ 0 in the limit x→ 0+ on the free surface, the magnitude of (3.25) would blow up at the stag-
nation point (see Trinh et al. (2012) for a similar argument for flow past a semi-infinite stern). Thus our
approach shows that there are no steady subcritical solutions for two-dimensional ideal fluid flow due to
a line sink in a fluid of finite depth with a stagnation point on the free surface directly above the sink.
On the other hand, there is strong numerical evidence of steady solutions of a different type, with a
cusp on the free surface instead of a stagnation point, such as Vanden-Broeck & Keller (1987), Vanden-
Broeck (1997), Hocking & Vanden-Broeck (1998) and McCue & Forbes (2001). While the reader is
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FIG. 7: Plots of lnA versus −1/F2. From top to bottom, the curves are drawn for b= 1.55 (ys ≈ 0.57pi)
and 0.38 (0.35pi). The circles represent data computed by Mekias & Vanden-Broeck (1991).
referred to these studies for full details of the solution space with the cusp geometry, it is worth noting
here that there is no zero-Froude-number solution with a cusp, and so we do not anticipate that a beyond-
all-orders approach could shed light on the whether there are waves or not in this case.
Returning to the stagnation point geometry, questions relating to the non-existence of steady solu-
tions to the sink problem can be addressed, for example, by treating the time-dependent version, and
observing the solution for large times. In that case, the radiation condition need not be applied in an
artificial way, but instead falls out as part of the solution process. Analytical and numerical studies of
unsteady flow due to a line source/sink in a fluid of finite depth have been attempted by Landrini &
Tyvand (2001) and Stokes et al. (2008) for example, with some success, but due to the complexities
involved, many of these issues are still unresolved. On the other hand, exponential asymptotics for fully
nonlinear time-dependent free surface flows has not yet been developed.
We close by mentioning it would be of interest to apply techniques in exponential asymptotics to the
infinite-domain version of our problem which, as noted in Section 1., can not have constant amplitude
periodic waves in the far field, and does not fall into class of problems dealt with in Chapman & Vanden-
Broeck (2006). Both Peregrine (1972) and Vanden-Broeck et al. (1978) have considered the diverging
series expansions for this infinite-depth problem in vanishing Froude number limit (although the Froude
number used is based on the depth of the source, not the height of the undisturbed free surface), however
no study has ever resolved the question of whether there are surface waves for this problem (Forbes &
Hocking (1993) and Hocking & Forbes (1991) studied this problem numerically and concluded that
there are no waves). Interestingly, Vanden-Broeck (1998) treated a closely related toy problem and
produced results that suggest there exists exponentially small waves in the far field whose wavelength
decreases with distance from the source following linear theory. We conjecture that for the full problem
there is also a train of exponentially small waves that behave in a similar way. Finally, we note that it
is also of interest to apply exponential asymptotics to the analogous problem of axially symmetric flow
due to a point source (as opposed to a line source); research into this more difficult problem is ongoing.
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